Abstract. For a class of Laplace exponents we derive the heat trace asymptotics of the generator of the corresponding subordinate Brownian motion on Euclidean space. The terms in the asymptotic expansion are found to depend both on the geometry of Euclidean space and probabilistic properties of the subordinator. The key assumption is the existence of a suitable density for the Lévy measure of the subordinator. An intermediate step is the computation of the zeta function of the generator. We employ methods from the theory of classical pseudodifferential operators on Euclidean space. The analysis is highly explicit and fully analytically tractable.
Introduction
This paper explores the correspondence between stochastic processes on Ê n and analytical objects: we pick a subordinator X t , i.e. an increasing process with independent and homogeneous increments, and let B Xt be the subordinate Brownian motion. It is obtained from a standard Brownian motion by introducing a local time given by the subordinator. Let A be the generator of the corresponding semigroup. We show that besides geometric information about Ê n we also recover probabilistic information about X t in the heat trace asymptotics of A. This is illustrated schematically in the following diagram and will be made precise in the next section.
Stochastics Analysis
Process on Ê It is clear that the properties of the subordinator must somehow enter the heat kernel and hence its short-time asymptotics. However, it was hitherto unknown how this relationship precisely works. Our results also shed new light on the same situation on compact manifolds where the heat trace asymptotics of certain stochastic processes have been computed in special cases [3, 5, 7] .
We consider a class of subordinators that is small enough to allow a fully tractable analysis yet large enough to show interesting behaviour. Roughly speaking, we work with subordinators whose Laplace exponent has a density that possesses a suitable asymptotic expansion near the origin and is of rapid decay at infinity. This class contains the relativistic stable process, which is important in applications in financial mathematics or quantum physics. We present this as a fully worked example in dimensions two and three demonstrating that the latter situation leads to logarithmic terms in the heat trace asymptotics.
On a technical level, we show that for this class of subordinators the generator A belongs to the algebra of classical SG-pseudodifferential operators on Ê n [15, 23] and so do its complex powers A −z and the heat operator e −At . Using a generalized trace functional T R analogous to [24] on a suitable subalgebra we explicitly compute the regularized zeta function ζ = T R(A −z ) and the generalized heat trace T R(e −At ). The asymptotics of the latter can be expressed in terms of the pole structure of the regularized zeta function. The classicality of the operator is key to all considerations and also ensures explicit tractability.
In a broader perspective, we argue similarly to noncommutative geometry [13] : given a stochastic process we try to infer probabilistic information from the spectrum of a strategically associated operator. Future research will assess if other tools from noncommutative geometry can be used to strengthen the link with stochastics.
There are related investigations of the heat trace associated to stochastic processes, e.g. for generators of Schrödinger-type with the fractional Laplacian on bounded domains in [1] . More closely related are [8, 26] that compute several terms in the heat trace expansion for the relativistic stable process on a compact domain. We comment on this in Section 4 and also show that our results agree with [8] in that special case, cf. Remark 4.1.
The use of pseudodifferential operators to understand Feller processes is the theme of the comprehensive series [18, 19, 20] . Building on the seminal work of Hoh-Jacob-Schilling, the author describes a symbolic calculus for a class of pseudodifferential operators that appear naturally as generators of certain Markov processes. These operators have a more intricate structure than the pseudodifferential operators used in index theory yet allow for parametrices and the Fredholm property. Also, the Ruzhanksy-Turunen theory of pseudodifferential operators on Lie groups have found successful application in Markov processes as developed by Applebaum [4] . Either calculus appears, however, not suitable for our purposes due to the lack of a homogeneous symbol expansion. This paper is organized as follows. The following section contains the statements of our key results. Since some of the results are of independent interest we present them with their proofs in Section 3 in greater generality. Section 4 gives a fully worked example. The Appendix summarizes the required properties of a class of global pseudodifferential operators on Euclidean space.
Statement of the key results
We summarize the key results and refer the reader to Section 3 for the full generality of the assertions.
Probabilistic prelude, cf. [10, 18] . Let B t be a Brownian motion on Ê n with characteristic function e iξ·Bt = e −t|ξ| 2 for ξ ∈ Ê n , t > 0 and the standard inner product on Ê n . Let X t be a subordinator on [0, ∞) independent of B t , i.e. an increasing Lévy process with values in [0, ∞) and X 0 = 0 almost surely. The distribution of X t can be described in terms of the characteristic function e iξ·BX t = e −tf (|ξ| 2 ) for λ > 0, where f is the Laplace exponent in the probabilist's convention or the Bernstein function in the analyst's vocabulary. Alternatively, the generating function of the subordinator is e −λXt = e −tf (λ) . Any Bernstein function can be represented in Lévy-Khintchin form as
for constants a, b ≥ 0 and µ a measure on (0, ∞) such that ∞ 0 t∧1 µ(dt) < ∞. The Lévy characteristic triplet (a, b, µ) uniquely determines f . We consider Bernstein functions whose Lévy measure has a locally integrable density m with respect to Lebesgue measure, we call this the Lévy density.
One can canonically associate a semigroup T t with the process B Xt by defining [T t u](x) = x (u (B Xt )) acting on Schwartz functions u ∈ S(Ê n ), i.e. smooth functions of rapid decay. The generator of this semigroup is defined as the operator Au = lim t→0 Ttu−t t with domain the set of functions where this limit exists. The link with the probabilistic setting is that the generator acts as the integral operator (2) Au(x) = −(2π)
where u ∈ S(Ê n ) andû denotes the Fourier transform of u, cf. Appendix A.1. Thus, provided f is suitably regular, A is a pseudodifferential operator with symbol −f (|ξ| 2 ). For ease of exposition we restrict ourselves in this section to Bernstein functions of the form (1) with a = b = 0, the general case is in Section 3.
Our key assumption in this paper is the existence of a Lévy density with certain asymptotic properties. (i) There is an α ∈ (0, 1) such that m has the asymptotic expansion
β is bounded a.e. for t > 1 for all β ∈ Ê;
Assumption (i) yields an asymptotic expansion of f for large λ and the second assumption makes f smooth at the origin. Moreover, (iii) is a technical condition ensuring f (|ξ| 2 ) − m(0, ∞) is a classical symbol of an invertible operator.
Remark 2.3. The class of Bernstein functions satisfying Hypothesis 2.2 includes certain complete Bernstein functions [30] but not every Bernstein function in our class is complete.
Note that our class of Bernstein functions is nonempty. In the following table we list examples for (complete) Bernstein functions taken from [30] that satisfy Hypothesis 2.2 (in each case α ∈ (0, 1) and a > 0).
Bernstein function f
Lévy density m
The first example f (λ) = (λ + 1) α − 1, describing the relativistic α-stable Lévy processes, is related to the relativistic Hamiltonian with zero potential in physics, cf. [2] and to the Normal Inverse Gaussian distribution used in financial mathematics, cf. [9] . All subsequent results are fully worked out for the relativistic stable Lévy process (α = 1/2) in Section 4.
Sample path properties. We next state the relationship between the asymptotic expansion of the Lévy density and certain sample path properties of the subordinate Brownian motion B Xt and the subordinator X t .
The link with the subordinate Brownian motion can be established via the Blumenthal-Getoor index and concerns the short-time behaviour of B Xt . This result is a simple consequence of [12, 27, 29] . Theorem 2.4. Let B Xt be the subordinate Brownian motion with subordinator X t whose Bernstein function satisfies Hypothesis 2.2. Then
∞ for all λ < 2α, with probability one.
The link with the subordinator is via Lévy's arcsine law. One can express the order α and the coefficients p 0 , p 1 , . . . as expectations of suitable random variables: the asymptotics of m near t = 0 thus have a probabilistic expression. Theorem 2.5. Let X t be the subordinator corresponding to the Bernstein function f . For any x > 0 define the first passage time strictly above x by T (x) = inf {t ≥ 0|X t > x}. Then
The lowest-order coefficient is given as
for fixed t > 0 with similar expressions for the higher-order coefficients.
Algebra of pseudodifferential operators and trace functional. We work in the algebra of SG-operators (sometimes known as scattering operators) as summarized in [23, 24] , cf. also Appendix A. The symbols are smooth functions Ê n × Ê n → and satisfy the estimates
for all α, β ∈ AE n 0 and x, ξ ∈ Ê n for some µ, m ∈ . Here, x = 1 + |x| 2 . We denote the set of such symbols by S µ,m (Ê n ). If the symbol has an asymptotic expansion both in x and ξ into homogeneous terms, then it is a classical symbol whose class we denote by S µ,m cl (Ê n ). All our symbols will be independent of x. We define the regularized trace functional T R exactly as in Section 2 of [24] with the exception that there is no integration with respect to x but only with respect to ξ. The reason for this is that the regularized trace of [24] vanishes on any symbol independent of x. We refer to the cited paper for the relation with other traces, in particular the Kontsevich-Vishik type trace functional on closed manifolds [21, 22] .
Generator as a pseudodifferential operator. A suitably shifted version of the generator A and the corresponding heat operator are classical pseudodifferential operators. 
for k = 0, 1, 2, . . . Then the following holds:
(i) The operatorÃ is a classical selfadjoint elliptic pseudodifferential operator whose symbol is in the class S 2α,0 cl (Ê n ) and has the asymptotic expansion
(ii) The heat operator e −tÃ is a pseudodifferential operator whose symbol belongs to S
The regularized zeta function. We define the regularized zeta function ζ(z) = T R Ã −z where the complex powers ofÃ are defined by functional calculus [23] in the SG-operators. Theorem 2.7. Under the assumptions of Theorem 2.6 the function ζ(z) = T R Ã −z is meromorphic on with at most simple poles at the points z k = (n − k)/2α for k = 0, 1, 2, . . .. The point z n = 0 is a removable singularity.
In the lowest orders, this residue becomes
where
Γ(n/2) is the volume of the unit sphere in Ê n . The location and the residues of these poles are determined in terms of the asymptotic expansion of m near t = 0. By Theorems 2.4 and 2.5 we can express this information probabilistically in terms of the subordinator.
Heat trace expansion. The pole structure of the regularized zeta-function determines the short-time asymptotics of the generalized heat trace T R e −tÃ .
Theorem 2.8. Under the assumptions of Theorem 2.6 the asymptotics as t → 0 + of the generalized heat trace T R e −tÃ are given as follows.
(i) α rational: there are constants c k andc l such that
The logarithmic terms correspond to double poles of Γ(z)ζ(z) with Γ the usual Gamma-function. (ii) α irrational: we have
Note the strikingly different behaviour for α rational and irrational with the appearance of logarithmic terms. For dimension n > 2, the lowest-order terms are explicitly given as follows (the case n = 2 is illustrated in Section 4).
The lowest-order non-logarithmic terms of the asymptotic expansion read
dimension n and probabilistic properties of BX t
Note that the terms in the heat trace expansion combine the two main aspects of our subordinated Brownian motion: the flat Euclidean geometry in which the process moves and information about the Lévy density.
Remark 2.9. We briefly comment on extensions and limitations of our approach.
(i) The approach works whenever the generator A belongs to an algebra of classical pseudodifferential operators that has a trace functional and contains the complex powers A −z and the heat operator e −At . Thus, on a closed manifold M the same calculations can be carried out. This is the subject of current work in progress demonstrating how both the classical heat invariants and certain probabilistic information of the subordinate Brownian motion appear explicitly in the heat trace asymptotics. This sheds new light on the known heat trace expansions in this setting [3, 6] .
(ii) The definition of the regularized trace T R and the meromorphic extendibility of ζ(z) require classical symbols. This limits the class of Lévy measures and hence subordinators that can be considered by this method. (iii) Since the symbol calculus of pseudodifferential operators works only modulo smoothing operators (symbols of order −∞), the asymptotic expansion of σ(A) cannot see the behaviour of the Lévy density m(t) for values of t away from 0. This is because the Mellin transform translates this into rapid decay in ξ, i.e. a smoothing symbol, cf. Section 3.2. Thus, one would have to work in a different operator algebra if one wanted to capture the behaviour of m on the entire halfline [0, ∞).
The present exposition naturally leads to further questions that are beyond the scope of the present exposition and are the subject of further research.
(i) Is there a probabilistic characterization, e.g. in terms of sample path properties, of our class of Bernstein functions? (ii) Can one recover the "long end" of the asymptotics of m, i.e. as t → ∞ in the spectrum of A? (iii) What is the probabilistic significance of the logarithmic terms in the heat trace and the dichotomy rational/irrational α?
Further results and proofs
Besides proofs of the key results, this section gives more general results on properties of Bernstein functions and their relation with SG-operators. Many of the results are of independent interest and we have accordingly structured them into separate subsections. The subsections contain the building blocks towards the key results:
(1) Growth properties of a class of Bernstein functions (2) Regularity and asymptotics of the Bernstein functions (3) Sample path properties (4) The associated pseudodifferential operator and its spectrum (5) Classicality of the pseudodifferential operator (6) The zeta function and heat trace of the shifted operator Each subsection depends on its predecessor with increasingly refined hypotheses.
For future use in the rest of this paper we recall the definition of asymptotic expansions of real-valued functions.
Note that by Theorem 3.9.29 of [18] , any Bernstein function can be continuously extended to [0, ∞) and we tacitly assume that all our functions are defined on this larger interval.
3.1. Growth properties of a class of Bernstein functions. We show that the local properties of the Lévy density m as t → 0 + determine the global properties of f . More precisely, we make the assumption that the density of the Bernstein function has an asymptotic expansion as t → 0 + . This allows us to decompose the function into finitely many terms of possibly fractional powers in λ plus a bounded integral term. Morally, we decompose a Bernstein function into simpler Bernstein functions.
We require a k > −2 and a k = −1 as otherwise the integral 
(ii) the function f (λ) = ∞ 0
1 − e −λt m(t)dt is smooth for λ > 0, continuous and bounded for λ ≥ 0; if m(t) < 0 for all t > 0, then −f is a Bernstein function; (iii) we can decompose f as
(iv) we have p k ≥ 0 for k with a k < −1; and (v) if b > 0, then there is an R ≥ 0 such that
The final assertion suggests that Bernstein functions with suitable Lévy densities can be used to construct elliptic pseudodifferential operators of order −2(a 0 + 1).
We need some technical lemmas of which the first implies an upper bound of the truncated density
for t > 0 suitably small.
Proof. From (5) we have 0 = lim
Taking absolute values and multiplying by t aN proves the claim.
The next lemma records the fact that removing lower-order terms of an asymptotic expansion leads to higher-order expansions where we denote by order the lowest nonzero a k .
Proof. Follows from the definition of asymptotic expansions.
We now remove certain terms in the asymptotic expansion of m to obtain a density which is integrable.
Proof. We can write
The first summand is finite as follows. By Lemma 3.4 we have
where M = inf{k|a k > −1} and the integral is finite as we assumed
The second summand is finite as
We now arrive at the desired result. (iii) Define m as in Lemma 3.6. Then
We can rewrite the second summand as follows. Integration by parts shows that
proving the claim.
(iv) Without loss of generality a = b = 0, else consider f (λ) − a − bλ. We have from (6) that
Now let λ → ∞. On the right hand side, all terms in λ vanish as a 0 − a k < 0 for k = 1, . . . , M − 1 by assumption and the boundedness of f (λ). So the right hand side tends to the limit −Γ(a 0 + 1)p 0 . This means that the left hand side also converges. However, as f is nonnegative, this limit must also be nonnegative. The claim follows for p 0 as a 0 + 1 < 0. Now apply the same argument to λ a1+1 f (λ) + Γ(a 0 + 1)p 0 λ −(a0+1) to conclude for p 1 and repeat this finitely many times for p 2 , . . . , p M−1 .
(v) We show the case b = 0 in detail, the assertion for b > 0 follows similarly. First prove the lower bound. From (6) we can write
Since a ≥ 0, p k ≥ 0 for k = 0, 1, . . . , M − 1 and since f is bounded, we find
The lower bound then follows with R = −2
.
Similarly for the upper bound we infer from a 0 < a
The claim then follows for
The case b > 0 follows similarly.
Regularity and asymptotics of the Bernstein functions.
In this subsection we investigate the asymptotics of the Bernstein function as λ → ∞ in the case where m is of rapid decay for t → ∞. The key tool will be the Mellin transform that allows us to translate the asymptotics of the Lévy density at t = 0 into asymptotics of the Bernstein function as λ → ∞.
(ii) m is of rapid decay at ∞, i.e. m(t)t β is bounded a.e. for t > 1 for all β ∈ Ê.
The second assumption on the properties of m near t = ∞ ensures the smoothness of f .
The key result of this subsection yields a regularity result and an asymptotic expansion of the Bernstein function for large λ.
−λt m(t)dt be a Bernstein function with Lévy density satisfying Hypothesis 3.7. Then the following assertions hold:
f is smooth at the origin; (ii) there are constants C k such that |f (k) (λ)| ≤ C k λ −(a0+1)−k for λ ≥ 1 and k = 0, 1, 2, . . .; and (iii) the function f has an asymptotic expansion
We break the proof of the proposition up into smaller bits. The smoothness of f is a consequence of the rapid decay of m as t → ∞ since then
Lemma 3.9. Let f be a Bernstein function with Lévy density satisfying Hypothesis 3.7. Then f ∈ C ∞ ([0, ∞)).
Proof. By Theorem 3.9.23 of [18] the limit f (0) = lim t→0 + f (t) exists so that f is continuous at the origin. A direct calculation interchanging differentiation and integration shows that f is differentiable on the half-line [0, ∞). Moreover, any derivative of f on (0, ∞) (given by differentiating the Laplace transform of m) can be continuously extended to 0 as all higher moments of m exist due to its rapid decay. We can repeat these arguments for any derivative of f so that f is smooth on [0, ∞).
Definition 3.10. Let f be a locally integrable real-valued function on (0, ∞). We define the Mellin transform of f to be
for z ∈ whenever the integral exists.
If the Mellin transform exists, then it is analytic on a strip in the complex plane, the so-called fundamental strip. A standard result says that this strip only depends on the asymptotic behaviour of f near 0 and near ∞. with Re z ∈ (−α, −β). Moreover, it is analytic in this strip.
Proof. Denote by ||f || ∞ the finite supremum of f . We can write
The first integral converges absolutely for Re z > −α and the second integral for Re z < −β. Analyticity follows form the absolute convergence. Proof. The growth of m at t = 0 follows from considering for 0 < t ≤ 1
by assumption of a 1 ≥ a 0 and the definition of asymptotic expansions.
The rapid decay of m as t → ∞ yields β = −∞.
Recall the Parseval formula for the Mellin transform. 
In our case we have
Hence, the last integral is of the form
Lemma 3.14. We have
Proof. Consider the function
This is meromorphic for Re z ∈ (−1, ∞) with restriction Γ(z) for Re z ∈ (0, ∞) and The next lemma is the heart of our argument, it shows that the Mellin transform of the Lévy density can be meromorphically extended to the whole complex plane. 
for some constant C 0 . Now consider derivatives with respect to λ. Interchanging differentiation and integration due to the decay of G we find for λ > 1 that
Hence,
for some constants C k . 1 − e −λt m(t) with m satisfying Hypothesis 3.7. If in addition m(0, ∞) < ∞, then f has an asymptotic expansion
Proof. This is Example 4.4 in [11] , for the reader's benefit we briefly sketch the argument. The idea is to use Parseval's formula, shift contours across the residues of G and use Cauchy's theorem.
Using m(0, ∞) < ∞ we write f (λ) = m(0, ∞) − f (λ) with
by the Parseval formula we find 
a finite sum over residues. By the decay estimates of G along vertical lines we can shift the contours, i.e. all integrals converge. Letting c ′ → ∞ and noting that G(z) has residue Γ(1 + a k )p k at the poles z = 1 + a k proves the assertion.
Proof of Proposition 3.8. (i) This is Lemma 3.9.
(ii) By Proposition 3.3 we can write
Choose a smooth cutoff function ϕ : Ê → [0, 1] which is equal to 1 on |x| ≤ 1 and equal to zero for |x| ≥ 2. Then write The second integral yields a function
Due to a k < −1 we can decompose this into
The integrals in (8) are Laplace transformations of a function in L 1 ([0, ∞)) and exist for any λ ≥ 0. The rapid decay of e −λt as t → ∞ shows that any derivative f (k) 2 (λ) exists for λ > 0 so that f 2 is smooth on (0, ∞). Also, we can show that |f
for some constants C k and all λ > 1: we find with
e −u u α+k du. As a 0 is the lowest of the a k the claim on f 2 follows. (iii) For f 1 we obtain the asymptotic expansion from Lemma 3.19 as
The asymptotics of f 2 are simply f 2 (λ) ∼ m 2 as integration by parts (or alternatively Watson's Lemma) shows that asymptotically for λ → ∞, the function g(λ) is of rapid decay, i.e. decays faster than any polynomial. Thus, Combining this with (9) and noting that m 1 +m 2 = m(0, ∞) gives the desired asymptotic expansion of f .
Sample path properties.
We prove the assertion on the growth of the sample paths of B Xt .
Proof of Theorem 2.4. This is a simple application of the results in [29] . Denote by σ(ξ) = f (|ξ| 2 ) the symbol of the process B Xt . As Example 5.5 of [29] we compute the Blumenthal-Getoor-type indices
By Proposition 3.8, f has the asymptotic expansion
with a 0 = −(1 + α) as λ → ∞. We thus find that β ∞ = δ ∞ = 2α and the claim follows from Theorem 4.6 of [29] .
We also give a proof of Theorem 2.5 yielding a probabilistic interpretation of the coefficient a 0 in the asymptotic expansion of m under Hypothesis 2.2. This interpretation will hinge on Lévy's acrsine law. To this end recall the Proof of Theorem 2.5. By equation (10) we find for µ > 0 that
as λ → ∞ since in (10) the highest power in λ is of the order α > 0. This means that f is regularly varying at ∞ with index α. By Lévy's arcsine law (Theorem III.3.6 of [10]) we have
where T (x) = inf {t ≥ 0|X t > x} is the first passage time strictly above x. The assertion that the coefficient p 0 can be described probabilistically is clear as we obtain it as the limit of λ −α f (λ) as λ → ∞. Since both a 0 and f can be described probabilistically in terms of X t via (12) and e −λXt = e −tf (λ) , respectively, so can p 0 :
for t > 0. Likewise for the other coefficients p k .
3.4.
The associated pseudodifferential operator and its spectrum. Proposition 3.8 suggests that such an f may give rise to the symbol of a (possibly classical) pseudodifferential operator. We make the following standing assumptions in this subsection, repeated from Hypothesis 3.7.
Hypothesis 3.21. Let m : (0, ∞) → Ê be a locally integrable function such that (i) it has an asymptotic expansion m(t) ∼ ∞ k=0 p k t a k as t → 0 + with a k > −2 and a k ↑ ∞; and (ii) m is of rapid decay at ∞, i.e. m(t)t β is bounded a.e. for t > 1 for all β ∈ Ê.
We exhibit the construction of a pseudodifferential operator and characterize its spectrum, cf. Appendix A.1 for definitions of symbol and operator spaces. (i) For b > 0, the map σ(ξ) = f (|ξ| 2 ) is a symbol in the class S 2,0 (Ê n ). For b = 0, the symbol belongs to S −2(a0+1),0 (Ê n ). (ii) In any case, the symbol has the asymptotic expansion
Proof. (i) Clearly, σ(ξ) is a smooth function on Ê n as f is smooth by the rapid decay of m. To show that σ belongs to a symbol class, we decompose it into terms that clearly are symbols.
Let ϕ : Ê → Ê be an excision function, i.e. a smooth nonnegative function of compact support such that ϕ(x) ≡ 0 for |x| ≤ 1 and ϕ(x) ≡ 1 for |x| ≥ 2. We can decompose σ as
The second summand is of compact support so belongs to G −∞,0 (Ê n ), i.e. is a symbol of order −∞. The first summand is a linear combination of the terms
The symbol spaces S t,0 (Ê n ) are vector spaces with inclusion S s,0 (Ê n ) ⊆ S t,0 (Ê n ) for s ≤ t so that the assertion follows.
(ii) The asymptotic expansion in the sense of (18) follows from Proposition 3.8 (iii). In the Proposition, the decay of the derivatives was valid for λ ≥ 1. However, note that by (18) the decay and homogeneity properties of the homogeneous components in the asymptotic expansion must only be checked outside the unit sphere in Ê n .
3.5. Classicality of the pseudodifferential operator. We investigate the special case where the generator of the process yields a classical pseudodifferential operator. This additional structure is crucial in order to define the regularized zeta function and generalized heat trace. The heat kernel will be a pseudodifferential operator if A is elliptic on a sector Λ of the complex plane and 0 ∈ Sp(A). As this will not automatically be the case we adjust A adding multiples of the identity. This operation merely shifts the spectrum but does not change its general composition. Now let Λ be a sector in the right half of the complex plane with vertex at the origin and symmetric about the real axis. More precisely, fix θ ∈ (π/4, π/2) and set Λ = {z ∈ : θ ≤ arg(z) ≤ 2π − θ}. Thenσ has the following properties.
(i)σ ≥ 0 andσ is elliptic; (ii)σ is Λ-elliptic with R = 0; and (iii)σ is a classical symbol with expansioñ
for b = 0.
(iv) LetÃ be the pseudodifferential operator with symbolσ. ThenÃ has self-adjoint closure and Sp Ã ⊂ [a + µ, ∞). In particular, 0 ∈ Sp Ã .
We remark that for heat operator considerations any shift by multiples of the identity is not restrictive. The heat operator appears in the solution of ∂ t u = Au so that v(t) = e −αt u(t) solves ∂ t v = (A + α)v. Note that the operatorÃ generates an analytic semigroup and is a smoothing operator. 
Proof. Let Λ be as above. The spectrum ofÃ is entirely contained in the interval [a + µ, ∞) by Proposition 3.24 (iv). So the spectrum of −Ã is contained in a sector in the left half of the complex plane and so the semigroup exists. The heat operator is also a pseudodifferential operator. The conditions on b and a 0 ensure that the order of the pseudodifferential operator is strictly positive in the ξ-variable. It is clear thatÃ extends to the generator of an analytic semigroup e −tÃ . The fact that it is a pseudodifferential operator follows from a simple application of Theorem A.8 whose hypotheses are satisfied: the symbolσ is of order > 0 and Λ-elliptic with R = 0 by Proposition 3.24; and the resolvent ofÃ exists in the whole sector Λ as 0 ∈ Sp(Ã) by Proposition 3.24.
To prove Proposition 3.24 we need a simple lemma implying Λ-ellipticity for real-valued elliptic symbols.
Lemma 3.26. Suppose a ∈ G µ,0 (Ê n ) with µ > 0 satisfies a(x, ξ) ≥ 0 for all x, ξ ∈ Ê n and is elliptic. Fix θ ∈ (π/4, π/2). Then a is Λ-elliptic with R = 0.
Proof. As usual with pseudodifferential operators, set ξ = 1 + |ξ| 2 . We must show that |(λ − a(x, ξ)) −1 | ≤ C ξ −µ for some C > 0 and all x ∈ Ê n , all |ξ| > R for some R > 0. Equivalently
and λ i ∈ Ê.
For λ 1 ≤ 0 we find
for some constant C ′ by ellipticity and since −λ 1 and a have the same sign. For λ 1 > 0 we find that λ 2 ≥ λ 1 since θ > π/4. Thus,
for some C ′ by ellipticity. We use the fact that the function g(
for α > 0 has a minimum located at x = α/2 with value g(α/2) = α 2 /2. 
n so thatσ is elliptic. The assertion thatσ(ξ) ≥ 0 is then obvious. (ii) This is a consequence of (ii) together with Lemma 3.26.
(iii) This is clear from Proposition 3.22 (ii). (iv) Selfadjoint closure: take S(Ê n ) as the domain ofÃ so it is densely defined in L 2 (Ê n ). Moreover, −Ã is dissipative: let u ∈ S(Ê n ) and consider the standard
By Proposition 3.13 of Chapter II in [16] we have from the dissipativity of −Ã that (a) λ +Ã is injective for all λ > 0 and ||(λ +Ã) −1 || ≤ λ −1 ; (b) −Ã is closable with dissipative closure; and (c) if λ +Ã is surjective for some λ > 0 then it is surjective for all λ > 0 and moreover (0, ∞) ⊂ ρ(Ã).
So letÃ be the closure ofÃ. We then find that
by the dissipativity ofÃ; and (d) (0, ∞) ⊂ ρ(−Ã) as λ +Ã is surjective for some λ as it is injective and has Fredholm index 0 due to ellipticity and selfadjointness. So (−∞, 0) ⊂ ρ(Ã).
Proposition 3.22 of [31] implies thatÃ is m-dissipative. Hence it is selfadjoint by Corollary 3.23 of [31] . Spectrum ofÃ: clearly, Sp(Ã) ⊆ [0, ∞) and it remains to show that 0 ∈ Sp(Ã). Proposition 3.10 (ii) of [31] implies that for a selfadjoint densely defined operator T we have λ ∈ ρ(T ) if and only if ||(T −λ)x|| ≥ c λ ||x|| for some constant c λ > 0 and all x in the domain of T . In our case note that for u ∈ S(Ê n ) we have ||Ãu|| 2 ≥ a 2 ||u|| 2 by Plancherel's theorem since the symbol ofÃ is bounded below by a so that the claim follows.
3.6. Zeta function and heat trace of the shifted generator. WhenÃ is classical we can compute the regularized zeta-function and the generalized heat trace. We repeat the hypothesis from Section 2. (i) There is an α ∈ (0, 1) such that m has an asymptotic expansion
Proof of Theorem 2.6. Note thatσ has positive order which is guaranteed by α ∈ (0, 1). In this case, the symbol has the asymptotic expansion given by Proposition 3.24 with a 0 = −(1 + α) in the form
The order of the symbol in ξ is 2α. We set α k = −p k Γ(−α + k) for k = 0, 1, 2, . . . giving the coefficients in the above asymptotic expansion.
To find the symbol of the heat operator we first construct the symbol expansion of the parameter-dependent parametrix using the algorithm of Proposition A.5.
The first terms are given as
The odd order terms all vanish because the asymptotic expansion of f contains no odd order terms. We can then determine the symbol expansion for the heat operator using the above parametrix to obtain
by Theorem A.8. To the above lowest order terms, the symbol is thus given as σ e tÃ (ξ) ∼e
by the Cauchy integral formula.
We can perform a similar computation for the ζ-function of the operator.
Proof of Theorem 2.7. The asymptotic expansion of the symbol of the complex powersÃ −z is given for Re z > 0 as
by Theorem A.6 and Cauchy's integral formula. The desired assertion then follows from Theorem A.7.
Based on the singularity structure of the regularized zeta-function we can give the short-term asymptotics of the generalized heat trace.
Proof of Theorem 2.8. The proof of Theorem A.9 goes through; this is essentially Theorem 4.3 in [24] which in turn relies on a mathematical folklore written up in Section 5 of [17] . Thus, the singularity structure of the generalized heat trace is related via the Mellin transform to Γ(z)ζ(z) so that we need to consider the pole structure of Γ(z)ζ(z). Indeed, for 2α rational
with coefficients c k andc l as in the assertion. We have double poles where the poles of Γ(z) and ζ(z) coincide which can only happen for (n − k)/2α a negative integer.
For 2α irrational, Γ(z)ζ(z) can only have simple poles
with c k as given.
Worked example: the relativistic stable Lévy process
To illustrate the theoretical framework and to show that it is indeed fully analytically tractable we consider the Bernstein function f (λ) = √ λ + m 2 − m in dimensions n = 2 and n = 3. The generator of this process is the operator −H where H = (−∆ + m 2 ) 1/2 − m, the relativistic Hamiltonian with zero potential. For simplicity we set m = 1. The behaviour of the regularized zeta function and the generalized heat trace is markedly different in these dimensions with the appearance of logarithmic terms in dimension three.
4.1. Dimension-independent considerations. We first derive several properties of the Bernstein function and the associated pseudodifferential operator that are independent of the dimension n. From the Taylor series for e −t near t = 0 we find
In our previous notation we thus find
We apply Proposition 3.8 to find the asymptotics of f . First set
Thus,
Using standard properties of the Γ-function we arrive at
which agrees with the Taylor expansion of f in 1/λ.
Probabilistic interpretation of α and p 0 . For the probabilistic meaning of α we need to consider the limit
agreeing with (11). So we have the probabilistic interpretation of α as
for the subordinator X t with Laplace exponent f .
The associated pseudodifferential operator. The associated pseudodifferential operator A has the symbol σ(ξ) = (|ξ| 2 + 1) 1/2 − 1. We consider the shifted operatorÃ = A + I with symbol
. A quick calculation shows that the symbol is Λ-elliptic for π/4 < θ < π/2, i.e. thatσ(ξ) does not take values in Λ and c|ξ| ≤ |λ −σ(ξ)| for some c > 0 and all λ ∈ Λ, ξ ∈ Ê 2 . We find that the order of the operator is 1 and
for the lowest-order coefficients in the symbol expansion ofσ.
Parameter-dependent parametrix. Assuming the asymptotic expansion
for the parameter-dependent parametrix we set formally
where • denotes the composition of symbols. Formally multiplying and collecting terms according to their homogeneity we find
which agrees with (13) . Putting everything together we arrive at
for the parameter-dependent parametrix.
Expansion of the heat kernel. The asymptotic expansion of the heat kernel is given by
and the first few terms can be computed using Cauchy's integral formula as follows:
which agrees with (14) . In total we find σ e −tÃ (ξ) ∼ e −t|ξ| + −
in the lowest orders.
The regularized zeta function. The asymptotic expansion of the complex powers is given by
The first few terms can be computed using Cauchy's integral formula as follows: k = 0:
This agrees with (15) . Finally we arrive at
for the complex powers.
4.2. Dimension n = 2. The regularized zeta function has at most simple poles at the points z k = 2 − k for k = 0, 1, 2, . . . and the residues are given by Theorem A.7. k = 0: near z 0 = 2 − 0 = 2 we find that
is analytic as the asymptotic expansion (16) contains no homogeneous term of order −2. k = 2: near z 2 = 2−2 = 0, the homogeneous term of order 2 is given by − Heat trace expansion. We finally compute the coefficients of the heat trace expansion. The ansatz is to write
where g is an entire function which is of no concern to us. The Γ-function has only simple poles located at z k = −k for k = 0, 1, 2, . . . with residue res z=−k ζ(z) = 
Hence the desired heat trace expansion forÃ reads
in agreement with (4) . Note that the heat trace expansion of the relativistic Lévy process T R e −tA can be obtained via the relation T R e −tA = e t T R e −tÃ as
Geometrically and probabilistically, the coefficient of e t t −2 corresponds to
with Ω 2 the volume of the unit ball in Ê 2 and
for fixed t > 0. In dimension n = 2, the zeta-function is regular (and so there are no logarithmic terms in the heat trace expansion) as n = 1/α, i.e. there is a certain relation between the dimension and the parameter α.
4.3.
Dimension n = 3. The regularized zeta function has at most simple poles at the points z k = 3 − k for k = 0, 1, 2, . . . with the following residues. k = 0: near z 0 = 3 − 0 = 3 we find that 1 + z |ξ|=1
Summarizing we obtain in agreement with ( 
The desired heat trace expansion forÃ reads
in agreement with (4) . Again, the heat trace expansion for A can be obtained via the relation T R e −tA = e t T R e −tÃ asÃ = A + I so that Remark 4.1. We remark that [8] considers a related case when a stable relativistic Lévy process (subordinator f (λ) = (m 1/α + λ) α − m in our notation) moves in a bounded region D in Euclidean space of dimension n. For m = 1 the two lowest orders of the heat trace are
where vol(D) denotes the volume of D with respect to Lebesgue measure and vol(∂D) is the surface area. Also, C 1 and C 2 are functions such that
as t → 0 and C 2 (t) is bounded in the order of e 2t t −(n−1)/2α . Both C 1 and C 2 can be expressed in terms of probability densities and first exit times, respectively.
Note that the limit in (17) is exactly the coefficient c 0 our heat trace expansion (4) for the given subordinator.
Appendix A. Pseudodifferential operators on Euclidean space
We recall the main ingredients of the theory of SG-pseudodifferential operators on Ê n . We only mention the bare necessities required for our analysis, the reader is referred to [14, 15, 23, 24, 25] for a more detailed treatment and further references. Classical symbols have asymptotic expansions in both x and ξ into homogeneous terms, we refer to Definition 2.2 of [23] for full details. As our paper only concerns symbols independent of x we make precise the notion of classicality in this setting. Here, a symbol a is classical if it admits an asymptotic expansion
where a µ−k ∈ C ∞ (Ê n × Ê n \ {0}), a µ−k (tξ) = t µ−k a µ−k (ξ) for t > 0. The asymptotic expansion means that for a cutoff function χ ∈ C ∞ (Ê n ) which is equal to 1 outside |ξ| ≥ 1 and equal to zero for |ξ| ≤ 1/2 we have for any N ≥ 1.
The pseudodifferential operator A with symbol a ∈ S µ,m (Ê n ) is given by (19) Au(x) = a(x, D) = e ixξ a(x, ξ)û(ξ)dx mapping S(Ê n ) → S(Ê n ) and S(Ê n ) ′ → S(Ê n ) ′ . We introduce the notion of weighted Sobolev spaces on Euclidean space. As usual, let L 2 (Ê n ) be the Hilbert space L 2 (Ê n ) = {u ∈ S ′ (Ê n ) : (u, u) < ∞} with inner product (u, v) = u(x)v(x)dx and norm ||u|| 2 L 2 (Ê n ) = (u, u). Let x and D be the pseudodifferential operators with symbol x and ξ , respectively. We define the weighted Sobolev spaces H s,t (Ê n ) for s, t ∈ Ê as
Pseudodifferential operators act as bounded operators between these spaces. for all s ∈ Ê, t ∈ Ê.
Note that any pseudodifferential operator of negative order is a compact operator by the compact immersion assertion. In particular, this includes regularizing operators, i.e. pseudodifferential operators that map H s,t (Ê n ) → S(Ê n ).
A.2. Complex powers. We start by recalling the notion of ellipticity in the context of SG-operators. Recall the notion of a Fredholm operator. To this end let H 1 and H 2 be complex Hilbert spaces and let T : H 1 → H 2 be a bounded linear operator. We say that T is a Fredholm operator, if the kernel ker(T ) = {x ∈ H 1 : T x = 0} is finite dimensional and has finite codimension, i.e. coker(T ) = H 2 /T (H 1 ) is finite dimensional. We then define the index indT as ind(T ) = dim ker(T ) − dim coker(T ) or equivalently as ind(T ) = dim ker(T ) − dim ker(T * ) with T * denoting the adjoint operator T * : H 2 → H 1 . Clearly, the index of any self-adjoint Fredholm operator is zero. Any pseudodifferential operator with elliptic symbol in S µ,m (Ê n ) yields an elliptic operator between Sobolev spaces.
For the construction of complex powers of pseudodifferential operators we need a parameter-dependent version of this. Suppose that (i) λ − A is invertible for all 0 = λ ∈ Λ and (ii) λ = 0 is at most an isolated spectral point. We can form the complex powers a(x, D) z for z ∈ , Re z < 0 by a Dunford integral
